Abstract -We use the Poisson-Boltzmann theory to predict contact angle saturation of aqueous droplets in electrowetting. Our theory predicts that injection of ions from the droplet into its surrounding medium is responsible for the deviation of the apparent contact angle from the Young-Lippmann equation for large applied voltages. The ion injection substantially decreases the Maxwell stress and increases the osmotic pressure at the interface between the two media, leading to saturation of the apparent contact angle. Moreover, we find that the contact angle does not saturate, but only has a broad minimum that increases again upon further increase of the applied voltage, in agreement with experiments.
Introduction. -Electrowetting is a process where the wettability of aqueous droplets on surfaces is controlled by an applied voltage [1, 2] , and is used in applications such as variable focal lens [3] , display devices [4] , and lab-on-chip devices [5] .
In a typical experimental setup [6, 7] , a droplet of an aqueous (electrolyte) solution is deposited on a thin dielectric film that coats a metal working electrode (see fig. 1 ), and the space surrounding the droplet is filled with an immiscible fluid (such as oil). When a voltage is applied between a counter-electrode that is inserted into the droplet and the metal working electrode, charges carried by ions are accumulated at the interface between the droplet and the surrounding medium. The resulting Maxwell stress arising from these accumulated charges deforms the shape of the oil-water interface near the three-phase contact line. In typical experiments, the deformed region of the interface is much smaller than the droplet size, and the deformation is observed as a decrease [8] [9] [10] of the droplet apparent contact angle,θ w , although the intrinsic contact angle, θ w , remains constant [11] [12] [13] .
For small applied voltages, the apparent contact angle, θ w , decreases with increasing applied voltages, following (a) E-mail: andelman@post.tau.ac.il (corresponding author) the classical Young-Lippmann equation [see eq. (11)]. As the applied voltage becomes larger,θ w starts to deviate from the Young-Lippmann equation [7, 11, 14] and eventually saturates -a phenomenon called contact angle saturation (CAS). We note that in some experiments,θ w does not fully saturate but rather shows a broad minimum, beyond which it starts increasing again upon further increase of the applied voltage [14] .
A number of models in the past two decades have been proposed to elucidate the physical mechanism involved in CAS [10, [15] [16] [17] [18] [19] . Macroscopic electrostatic considerations indicate that very large electric fields are generated near the three-phase contact line (about ten times or larger than bulk values were reported in Ref. [17] ), where the oilwater interface intersects the substrate at a finite angle. Along these lines, Papathanasiou and coworkers [17, 18] predicted that charges are injected and trapped inside the dielectric film, and relate it to local dielectric breakdown due to large electric fields near the contact line. The trapped charges decrease the Maxwell stress that deforms the oil-water interface, and eventually leads to saturation of the droplet contact angle. This mechanism may operate in some experimental conditions, but, in principle, one can suppress local dielectric breakdown by using alternating voltages (AC) and/or dielectric films of high dielectric p-1 strength [6, 14] . Since CAS has been observed almost universally in electrowetting experiments, saturation should be driven by a generic electrostatic mechanism that does not depend on specific experimental setups or materials. Moreover, many of the existing theories do not account for the fact that the apparent contact angle exhibits, in some cases, a minimum (as function of the applied voltage), instead of saturation.
When the medium surrounding the droplet is a gas phase, experiments have shown an ionization of gas molecules at the contact line for voltages corresponding to the onset of CAS [7] . Moreover, molecular dynamics (MD) simulations have shown that when the total amount of charges is fixed [20] , the apparent contact angle of nanoscopic droplets starts to deviate from the YoungLippmann equation when charges are injected from the droplet into its surrounding medium.
Motivated by these results, we use the PoissonBoltzmann theory to predict a physical mechanism that drives CAS. Our theory treats the statistical mechanics involved in the ion injection and thus is very different from theories that are solely based on macroscopic electrostatics [10, [15] [16] [17] [18] [19] . The theory relates the phenomenon of CAS to the decrease of the Maxwell stress at the oilwater interface due to the increase in injected ions. We find that for large applied voltages, the apparent contact angle does not fully saturate. Furthermore, because of the osmotic pressure of the injected ions, the contact angle starts to increase again with increasing applied voltages, in agreement with previous experiments [14] . Finally, we note that our model differs from the work of Monroe et al [21] , where the Poisson-Boltzmann theory was used to predict CAS, but in a very different system where ions do not exchange across the interface between the droplet and its surroundings.
Model. -We take into account the injection of ions from the droplet into the surrounding medium in an extension of the electromechanical theory of electrowetting [8, 9] . For convenience, we introduce the supplementary intrinsic contact angle, θ o = π − θ w , and the supplementary apparent contact angle,θ o = π −θ w . These are the angles that the oil-water interface makes with the dielectric film from the oil side (see fig. 1 ). We consider a droplet of an aqueous solution, placed on a thin dielectric film that coats a planar metal electrode, see fig. 1 . We treat cases, in which the space that surrounds the droplet is filled with oil, but our theory is applicable to cases where the surrounding medium is another immiscible fluid.
The aqueous droplet is rather large and acts as a reservoir of monovalent ions of concentration n w . The ions in the droplet are in thermodynamic equilibrium with ions residing in the surrounding oil phase. Without an applied voltage, the ionic concentration n o in the oil phase has the form n o = n w exp[(µ w − µ o )/k B T ], where µ w and µ o are the chemical potentials of ions in the droplet and oil phase, respectively, k B is the Boltzmann constant and T is the absolute temperature. Since ions are highly insoluble in the oil phase, µ o ≫ µ w , and the ionic concentration is exponentially small in the oil phase, n o ≪ n w . Finally, as our theory treats droplet deformations on length scales much smaller than the capillary length, gravity plays no role.
The shape of the oil-water interface, which is axially symmetric, is represented by the positional vector that has the form r(ρ, φ) = (ρ cos φ, ρ sin φ, h(ρ)), where h(ρ) is the interface height (along the z-direction) measured from the oil-film interface, see fig. 1 . This vector describes the deformation of the oil-water interface in the proximity region of the contact line (much smaller than the droplet size). The surface of the dielectric film is hydrophobic and the contact angle, θ o ≪ 1, is very small. Thus, the gradient |h ′ (ρ)| ≪ 1 and, to first approximation, the electric field is normal with respect to the dielectric film.
With these assumptions, the free energy of the droplet has the form
(
The first term is the surface free-energy, the second term is the free-energy contribution due to the electrostatics and entropy of ions, and the third term ensures that the volume Ω of the aqueous droplet remains constant, by using a Lagrange multiplier, ∆P , that is the pressure difference between the droplet and oil phase. The area integral in the first term of eq. (1) is limited to planar section, ρ > ρ c , covered by the oil phase (S o ), while the area integral in the second term should be performed over the entire surface (S) of the dielectric film (the z = 0 plane), and Ω is the system volume. The surface free-energy, f sur , has the form
where γ os , γ ws , and γ are the surface tensions of the oilsubstrate, water-substrate, and oil-water interfaces, respectively. We take the surface free-energy of the droplet at zero voltage as our reference state. Retaining only the leading order term,
The free-energy contribution, f ele , has the form
where ψ w (ρ, z), ψ o (ρ, z), and ψ ins (ρ, z) are the dimensionless local electrostatic potentials (rescaled by e/k B T , p-2
Ion injection mechanism of contact angle saturation where e is the elementary charge). The subscripts 'w', 'o', and 'ins' indicate the aqueous droplet (z > h(ρ)), the oil phase (0 < z < h(ρ)), and the dielectric film (−d < z < 0), respectively, with the corresponding dielectric constants: ǫ w , ǫ o , and ǫ ins . The inverse Debye length in the droplet and oil phase is, respectively, κ w ≡ √ 8πl w n w and
are the Bjerrum lengths in the corresponding regions. Finally, in the last term q ele (ρ) = −ǫ ins ∂ ∂z ψ ins (ρ, z) | z=−d is the charge density (rescaled by k B T /e) on the electrode at z = −d, and U ≡ eV /(k B T ) is the dimensionless potential to be used hereafter, proportional to V , the voltage applied between the droplet and the metal working electrode (see fig. 1 ).
Minimizing the free energy, eq. (1), with respect to the three electrostatic potentials leads to a set of PoissonBoltzmann equations:
We treat the dielectric film as a perfect insulator, where ions cannot penetrate. This is in contrast to the case treated in refs. [17, 18] . Equations (4)- (6) should be solved with the following boundary conditions: i) the electrostatic potential is zero in the bulk of the droplet, ii) the electrostatic potential is −U on the z = −d electrode, and iii) the electrostatic potential and electric displacement vector (in the z-direction) are continuous at the oilwater interface, z = h(ρ), and at the oil-insulator interface, z = 0. Equations (4) and (5), as well as the boundary conditions at the oil-water interface, ensure the continuity of electrochemical potential at the oil-water interface for both cations and anions; our theory takes into account explicitly the scenario that ions can be injected from the droplet into the oil phase and vice versa, due to the applied voltage.
Minimizing the free energy, eq. (1), with respect to the position h(ρ) of the oil-water interface leads to a force balance equation of the form
where ∆P of the first term is the pressure difference, the second term is the capillary force, and the third one is related to the electro-osmotic pressure [22] . The dimensionless electro-osmotic pressure, Π o (h), in the oil phase has the form
where its first term accounts for the osmotic pressure of the ions and the second one for the electrostatic Maxwell stress. It can be shown that Π o (h) is equal to the integration constant of the first integral of eq. (5). Thus, it depends on ρ only via the position h(ρ) of the oil-water interface. Note that the electro-osmotic pressure in the aqueous droplet does not contribute to the force balance in eq. (7), because its value at the oil-water interface is equal to its bulk droplet value, 2n w k B T . We emphasize that the osmotic pressure of the ions -the first term of eq. (8) -is a new ingredient that has not been previously considered in works that employed macroscopic electrostatics. The boundary condition used to solve eq. (7) is that the oil-water interface intersects the surface of the dielectric film at the contact line, h(ρ c ) = 0, with an angle θ o = h ′ (ρ c ). Finally, by minimizing eq. (1) with respect to the position ρ = ρ c of the contact line, we obtain that the intrinsic contact angle, θ o ≃ 2(γ os − γ ws + γ)/γ [22] . Our theory thus predicts that the angle θ o does not depend on the applied voltage, in agreement with refs. [11] [12] [13] .
Without loss of generality, we assume that the curvature h ′ (ρ)/ρ of the oil-water interface in the radial direction is quite small [see also the second term of eq. (7)]. The first integral of eq. (7) is obtained by multiplying both sides of this equation by h ′ (ρ), and then integrating it with respect to ρ with the boundary condition, h ′ (ρ c ) = θ o . Note that the oil-water interface is deformed by the applied electric field in a region that is much smaller than the radius γ/(2∆P ) of the droplet, h ≪ γ/(2∆P ) [11] [12] [13] . In length scales comparable to the droplet radius, the deformation of the oil-water interface is observed as a decrease of the contact angle, and the limitθ o ≡ lim ρ→∞ h ′ (ρ), is defined as the apparent contact angle. Then, first integral of eq. (7) yields the form
where cos x ≃ 1 − x 2 /2 is used for both the intrinsic and apparent contact angles, θ o andθ o .
The electro-osmotic pressure, Π o (h) in eq. (9), is derived by using eq. (8), where the electrostatic potential ψ o (ρ, z) is obtained from eqs. (4)- (6) with the corresponding boundary conditions (shown below these equations). Considering the high salt limit inside the droplet, the ions strongly screen the electric field and the use of DebyeHückel approximation, sinh ψ w ≃ ψ w in eq. (4), is justified. The electrostatic potential and electric field in the droplet thus have the approximate form
where ψ w and E w = −∂ψ w /∂z depend on the radial coordinate ρ only via the height h(ρ) of the oil-water interface. In contrast, the ionic concentration in the oil phase is very small, unless ions are injected from the droplet into the oil phase by the applied voltage. With positive applied voltages, U > 0, cations are injected from the droplet into the oil phase, and likewise, anions are injected from the oil phase into the droplet. When the applied voltage is large enough, most of the ions in the oil phase are cations, sinh ψ o ≃ − (5), is non-linear and its non-linearity plays a crucial role in driving CAS.
Results. -We calculate the angleθ o (V ) that is supplementary to the apparent contact angle,θ w , as function of the applied voltage, V , by using eq. (9) (see the solid lines in fig. 2 ). By changing the integration variable in eq. (9) from h to the electro-osmotic pressure, Π o (employing the fact that h = 0 at one boundary and Π o = 1 at the other boundary) and expressing the height h as a function of Π o from eq. (8), one can perform analytically the integration in eq. (9) . For small V , eq. (9) reduces to the classical Young-Lippmann form where V is the applied voltage in volts (see the dotted lines in fig. 2 ). We get this match because the applied voltage is not large enough to drive the ion injection from the droplet into the oil phase. As a further check, we computed directly the combined capacitance of the oil phase and dielectric film, (h/ǫ o + d/ǫ ins ) −1 . As anticipated this capacitance matches our general expression in the low-V limit (see the dashed and light green lines in fig. 3 ), as it accounts for the charges that accumulate at the oil-water interface when ion injection is not allowed.
For larger (and positive) values of U = eV /k B T ,θ o starts to deviate from the Young-Lippmann equation (11) (fig. 2) . Cations are injected from the droplet into the oil phase and change the electric field ( fig. 3) . The function of cosθ o shows a broad peak at a threshold voltage U * , which depends on the (rescaled) thickness d(ǫ o κ o /ǫ ins ) of the dielectric film. For U > U * , cosθ o increases slowly. When the peak of cosθ o is broad enough, it can be experimentally observed as a 'saturation'. Hence, our model predicts that CAS is not a real saturation ofθ o , but rather a broad minimum as function of the applied voltage. This finding is in agreement with recent experiments that show that the apparent contact angle starts to increase again for U > U * [14] . Another result obtained for the large U limit is an asymptotic form of cosθ o fig. 2 ). Moreover, it can be shown that at
For small applied voltages, the Maxwell stress arising from charges accumulated at the oil-water interface dominates over the osmotic pressure arising from the injected ions (see the magenta and cyan lines in fig. 4 ). The charge density at the interface decreases with the increasing of injected charges, and decreases the Maxwell stress there. The deviation of the Maxwell stress from the classical Young-Lippmann equation increases with increasing U , and eventually, the Maxwell stress saturates (see the magenta line in fig. 4 ). The difference, cosθ o − cos θ o , is proportional to the electro-osmotic pressure applied to the oil-water interface [see eq. (9)]; without the osmotic pressure of the injected ions, the apparent contact angle indeed saturates.
Discussion. -We find that injection of ions from an aqueous droplet into its surrounding oil phase offers a physical mechanism that drives contact angle saturation (CAS). The Maxwell stress at the oil-water interface decreases with increasing injected charges. Furthermore, the apparent contact angle,θ o , of the droplet does not saturate, but rather shows a broad minimum, followed by an increase ofθ o for larger applied voltages, in agreement with experiments [14] . This behavior ofθ o is driven by the osmotic pressure generated by the injected ions. Our theory treats the dielectric film, which is used to insulate the droplet from the substrate electrode, as a perfect insulator. This has to be compared with the theories of Papathanasiou and coworkers [17] [18] [19] , which predicted that CAS is driven by a local dielectric breakdown of the dielectric film. The breakdown mechanism may apply in experiments that use dielectric films of relatively small dielectric strength. When CAS is driven by a such a dielectric breakdown, the apparent contact angle,θ o , shows a hysteresis because dielectric breakdown is an irreversible process. Furthermore,θ o will not show an increase for applied voltages that are larger than the CAS threshold U * . On the other hand, the mechanism proposed in this Letter is generic and valid even for dielectric films of larger dielectric strength. In addition, our predictedθ o is reversible and shows a minimum, beyond which its value increases with the applied voltage.
An important underlying assumption is that the droplet and the surrounding medium are in thermodynamic equilibrium. However, this may not be the case in some experiments because of the time scale associated with ion injection from the droplet into the surrounding medium and the further diffusion in the latter medium. In particular, the slower ion dynamics may be important when the droplet is surrounded by a gas phase where molecules are very dilute. We note that in some experiments [14] , the apparent contact angle is not very sensitive to the ionic concentration in the droplet. This may be understood in terms of a non-equilibrated situation for which our theory would not be applicable.
Experiments by Chevalliot and coworkers [14] suggest that for AC voltages with moderate frequency, CAS is driven by a process that is faster than the local dielectric breakdown, where this fast process may be driven by the injection of ions from the droplet into the oil phase. In the future, it will be of interest to capture the ionic motion, e.g., by impedance spectroscopy that measures capacitive (displacement) currents between the droplet and the metal working electrode. Such experiments can be complemented by extending our theory to systems where electrowetting is driven by applied AC voltages.
For small applied voltages, the angleθ o reduces to the Young-Lippmann equation, as in eq. (11), whereas for large applied voltages,θ o has an asymptotic form, as in eq. (12) . Equation (12) also predicts that κ w γ(cosθ o − cos θ o )/(2n w k B T ) scales with the rescaled applied voltage, ǫ ins U/(ǫ o κ o d). This implies that plots of different experimental conditions should collapse into one curve, provided that the specific combination of material parameters of the ions and oil, as in ǫ o κ o /(ǫ w κ w ), remains fixed. Moreover, we also predict that the apparent contact angle at saturation depends on parameters that characterize the ionic solvation in the surrounding oil phase.
We hope that future experiments will test the predictions presented in the Letter, and, in general, will advance the understanding of the principle mechanism underlying contact angle saturation in electrowetting. * * *
